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Abstract. We obtain a new N-soliton solution to the modified KdVv equation with non-zero
vacuum parameter b using the inverse scattering method (see Zakharov and Shabat and
Ablowitz et al) under a non-vanishing condition (Kawata and Inoue). As demonstrations,
we study the special features of the one-soliton and two-solitons in detail. The amplitude,
width, and magnitude of the velocity of these solitons are all dependent on b. They all
move in the positive direction—such a characteristic is different from that of the Kav
solitons.

1. Introduction

Recently, we have obtained new solutions to the Korteweg-de Vries equation u,+
12uu, + u,,, =0 using our Bicklund transformation (Au and Fung 1982, 1984,
Wahlquist and Estabrook 1975, Loo Win et al 1979) and have discovered that the
vacuum parameter b has special physical meaning. We followed up our work by
revisiting the inverse scattering theory and have obtained the same one-soliton Kdv
solution using the generalised inverse scattering method (Au-Yeung et al 1983) where
u(x,t)»>b#0 as x> +00. To pursue our work further, we intend to solve other
nonlinear problems under the non-vanishing boundary condition (i.e. the solution
tends to non-zero constant as x tends to £c0),

In this paper, we apply the inverse scattering method to find solutions of the
modified Kdv equation. Along this line of development, Zakharov and Shabat (1972)
proposed a two-dimensional inverse scattering theory for the nonlinear Schrodinger
equation and obtained solutions having vanishing asymptotic form. Ablowitz, Kaup,
Newell and Segur (1973) have generalised the above method and have found the Lax
pairs for a number of types of nonlinear equations (the zZs-AkNs inverse method).
Previously, the inverse scattering method is used to solve nonlinear equations under
vanishing boundary condition. In 1973 Zakharov and Shabat analysed the nonlinear
Schrodinger equation under non-vanishing boundary conditions; however, the analyti-
cal properties of the associated eigenvalue problem has not been treated. Kawata and
Inoue (1977, 1978) made clear the analytical property of the AKNs eigenvalue problem
(Ablowitz et al 1973) under certain non-vanishing conditions (see § 2.1). We have
used the method of Kawata and Inoue to study the modified kav equation under a
non-vanishing boundary condition, and have obtained a new N-soliton solution with
non-zero vacuum parameter b. We study both the one-soliton and two-soliton solutions
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in detail and we find that these solitons propagate only along the positive direction,
whatever the values of b. The amplitude, width, and the magnitude of the velocity
are all dependent on b.

2. The inverse scattering method for the modified kav equation under the non-
vanishing boundary condition u— b as x >t
2.1. General formalism
Let u(x, t) be a solution of the modified xdv equation
U+ 6uu, + U, =0. (1)

The AkNs eigenvalue problem for the modified xdv equation is

—iA x, t

o, = D(A), D(x; x, t)E(r(x, ) q(u )>, 2)
where

qglx, t)=u(x, 1) and r(x, t)=—q(x,1). (3)
The corresponding time evolution equation is

A(A B(a

v, =F(A), F(A)E(CEA; —A((Ai)’ (4)

where

A(A)=—4iA3-2iAgr+rq, —gr,,
B(A)=4Aq+2iAq, + 291 Guso (5
C(A)=4A%r=2iAr +2qr* = ry.

The matrices D{A) and F(A) satisfy the well known integrable condition of equations
(2) and (4):

D,—F,+DF—FD=0. (6)

In this investigation, we seek for real solution u(x, ) to the modified kdv equation
(1) under the following boundary condition:

u(x,t)-> b as x> £00; br=—A2, Ao is pure imaginary, (7)

and we require that u(x, t} is sufficiently smooth and all the x derivatives of u tend
to zero as x> +00. From (3) and (7), we see that the potentials g(x, ¢t) and r(x, t)
satisfy the following non-vanishing condition:

qg(x, t)> g™ as x> xc0, r(x,t)>r*as x> x00,
and

qrT=q"r =4 (8)
The AKNs eigenvalue problem under the non-vanishing condition (8) is the case

considered by Kawata and Inoue (1977, 1978). They have clarified the analytical
properties of this problem. Now we apply their method to (2) under condition (8)
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and obtain a new N-soliton solution with non-zero vacuum parameter b for the
modified xav equation. The details of the derivation are given in § 2.3 and § 2.4. In
§ 2.2 some of the crucial results of Kawata and Inoue are listed for convenience in
our deduction.

2.2. Some crucial results of Kawata and Inoue

According to Kawata and Inoue (1977, 1978), the Jost matrices O (A D)=
(®T(A, ), D5 (A, L)) and © (A, )= (P (A, {), D3 (A, ) are defined as the solutions
of (2) under the conditions

. . e—i{x 0
DA, §x)> AT(A ) 0 el as x = o0, (9a)
- _ e’ 0
d (A9 g;x)—)A ('\’ g) 0 elgx as x> —x0, (9b)
where
[=(A=a9"? (10)
N _(-iq” /\—§) i} =<—iq‘ A—{)
A (/\’g)"'(l\_g ir+ and A (Awl)"" A"{ ir— . (11)
The scattering matrix §= (1! 12) is defined by the following relation:
DA, L x)=DT(A, £ x)S(A, §). (12)

The function ¢ = (A*—A3)"?is a multi-valued function and is set to be single-valued
by introducing two Riemann surfaces. When A, is pure imaginary, as in our case of
interest (see (7)), a cut is set in the region (=A,, Ao) and the upper (lower) Riemann
surface is defined to be { > A ({~>—A) as |A|>co. The sign of Im ¢{ is equal (opposite)
to the sign of Im A on the upper (lower) surface.

Kawata and Inoue assume the following representation about the Jost Matrices ®*:

¢+(/\ g x)=A+(/\ §)<e—i{X O >+JXK+(X )A+(A g,)(ei)’ O ) (13a)
16 > 0 ei{x © > Y ’ 0 ei{)’
- _ e’ 0 o _ e 0
SN, L x)=AT(A, §)< 0 e“‘)+,[_wK (x, y)A™(A, C)( 0 ei4y>. (13b)
Then functions K *(x, y) satisfy the following three equations:
Tz aK: . ‘
o (x, )’)"'0'3_6)}- (x, y)os+ 3K (x, y)o;[ D*(A) +iAcs]
0 alx t)) . _
(r(x, 9 0 K*(x,y)=0, (14a)
o3, K*(x, x)o3~ K*(x, x) +AD*(A; x, 1) =0, (14b)
K*(x,y)=>0 as y - +00, (14c¢)
where

D*(A)E(_,iA j’A) (15)
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—q*
AD*(,\;x,t)ED(/\;x,t)—D*(,\)=( 0 alxp q) (16)
r(x,t)—r 0
1 0
= . 7
g3 (0 _1> (17)
Assuming the zeros of S;;(A, {; 0) in the region Im { >0 are
A, L=(AF=A9YE j=1,2,...,N, (18)

the Gel’fand-Levitan equation for the function K *(x, y) is (Kawata and Inoue 1977,
1978)

k() £ (2) esstigesyn-miren(])

J- T(x, ") Z ( )eXP[1§,()’+)’ )]dy’

J (x,y") H(y+y)( )dy’=0, for y>x, (19)

where
¢, =3(A;— &)m(A)) exp[4if,(2A7 +Ad)1], (20)
c,-E—gr "m(A;)) exp[41§j(2)\,-+/\0)t], (21)
m(A)=8,,(A, £;0)/£[dS11(A, £; 0)/dA], (22)

and H_.(y) is a function such that

0\ _ i(ahlc/a)')(}')+hzc()’))
Hc(y)<1) _( ir+h1c(y) ) (23)
where
1 [ e® Salp, €)  Sar(—p, ))
hlc s — - ’
(y) 477,[ (Sn(#,f) Si(—u, &) dé 29
1 [T ofSalm, &) | Sa(—u, &)
hae(y) =+ fY( - ) ,
2(y) 4wJ S0 o Sume) X 29
p= (252 (26)

They have pointed out that there exist certain symmetries about the AKNs eigenvalue
problem under the non-vanishing condition (8). First of all, it has been shown

Sii(A, {)=(q_/q+)522()\,—£), 511(/\’_§)=(C]_/q+)522(/\, 0, 27)
S12(A, §) =(=r7/q7) 821 (A, =), S12(A, =) =(=r7/q")8$2(A, 0.
Next, when r(x, t) =—q(x, t), the S matrix has the following additional property:
S11(A, §) = 822(—A, =), Si{—A, =) =827, ),
(28)

S12(A, {) ==S851(=A,=¢), Si2(=A, =) ==5,1(A, {),
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also, K*(x, y) has the following property:

Ki(xv )’)=0'—1K1(x, Y)o.—l’ (29)
0 (—l)”2
U"IE((_I)—I/Z 0 ) (30)
Also, when r(x, t)=—q*(x, 1)
Si1(A, §)=S§2(A*,§*), S12(A, {)=—S§1(A*s f*), (31)
Sa1(A, §)=_ST2(A*,§*), S2(4, §)=S>1k1()\*,§*)-

2.3. Relevant results for the modified kav equation

In our study, we derive the time dependency of the scattering matrix S=(3y: $32) for

the modified kdv equation. Employing equations (2), (4) and (12), we obtain the
following result:

S(A, &5 1) =exp[—2iL (2A%+ Ad)a3t]1S(A, ¢; 0) exp[2iL(2A2 + Ad) 73t], (32a)
or

S1(A. & 1) =811(A, £;0), S12(A, £; 1) =exp[—4iL(2A% + A3)1]1S12(A, £; 0), (320)
S21(A, &5 1) =exp[4iL (2A%+ A§)1]S21(A, £; 0), S2(A, &5 6)=82(A, {3 0).

From (3), we have r(x, t)=—q(x,t). Also, since u(x,t) is real, we see from (3)
that the relation r(x, 1) = —g¢*(x, ) is also true. Hence relations (28) and (31) are valid
for our case of study. Using (22), (27) and (28), we derive the following relations
relevant for the modified kdv equation:

(@7/97)81(A, §) =511(=4A,§) (33)
and

m(—A)=m(A), (34)
where A and —A are in different Riemann sheets. Also, using (28) and (31), we have

m(=A%)=m(r)*. (35)

From (33), we see that if A is a zero of S;; in a Riemann surface, then —A is also a
zero of Sy, in the other Riemann surface. We also see from (35) that m(A) is real if
A is pure imaginary.

2.4. The N-soliton solution with non-zero vacuum parameter

We will solve the Gel’fand-Levitan equation (19) for a special situation. Suppose:
(i) the continuous component

H.(y;0)=0, (36)

(i) Si; has 2N zeros in the region Im ¢ >0, namely, (A; ¢{;) and (=Ap ), j=
1,..., N, and A, are pure imaginary;

A =im, where 7; are positive real constant. (37)
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Since A3=—b" by (7), so we have

{=i(n]~bH2 (38)
Also, from (34) and (35), we have
m(A,)=m(=1,) (39)

and
m(A;) is real for j=1,...,N.
Substituting (36), (37) and (39) into (19), (20) and (21), we obtain
“(x y)( ) Z ( i¢,m(A,) exp[4i,(2A7+A3) 1]
r’m(A,) exp[41§,(2)\ +Ad)1t]

I R , —1§,m(/\,)exp[41§,(2/\,2+)t§)t])
J Ky 3 (—r*mu,) exp[dig, (202 + A2)1]

xexplig,(y+y')1dy =0. (41)

) expli{i(x +y)]

X

K+
Take a representation of ( iz) as
22

Kfz(xy> N(K()) . 2
(Kzz(x n) = E\R (0 XPi&) 42
where
N _(Kii(x y) K}“z(x,y))
K sy Y= + + . 4
() (Kzl(x, y) Ka(xy) (43)
From (29), we have
Kiny_(_k5) »
(i)~ (ki) B
hence
. K3 KTz)
K*x,y)= .2 212 45
(x) (—Kn K3 43
Substituting (42) and (45) into (41) we arrive at
J = j {
(41a)
5 TP e expli({;+&)x] & expli(¢; +¢)x]
K;(x)+4; exp(lg,x)ﬂ—l‘:;1 K/{x)a '—l(§,+§z Z:l x)a ,————_i({j+§l) =0,

where
a;=—i{m(A;) exp[4i;(2AZ+A0)t] and d;=-r"m(A) exp[diGRAT+ADL].  (46)
The determinant of the coeflicient matrix is

E B

A=
-B EV

(47)
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where
. CXP[i(§j+§l)x] C oy
E,=8;+4d,——"—"— forj,1=1,2,...,N (48)
TS !
and
B, =g SXPU L] forj1=1,2,...,N. (49)

a -
TG+
The solution of (41a) is given by

K(x)=-IBl/a  and K/(x)=—|Bn.l/A j=1,...,N,

where B, with n=1,...,N, N+1,...,2N, is the matrix obtained by replacing the
nth column of the matrix (_5 £) by the following column

fa; exp(if;x)

an exp(inx)

i ) (50)
d, exp(ig;x)
(dn explidnx)/ .
Using (42) and (50), we obtain
K35(x, x) = —3d(log A)/dx. (51)

By using (14), we obtain u?(x, t) =b>—2(dK3,(x, x)/dx), substituting (51) into this
relation, we arrive at

u’(x,t) = b*+d*(log A)/dx>. (52)

When N =1, we obtain from (37), (38), (46) and (47) that

A=1 :tz—b exp{(nf— b2)1/2[4(2nf+ bz)t—2x]+8}
M

+exp{(n?— b))V 8(2n3+ bt —4x]+28}, (53)

where
8=In[n,|mA)|/2(n—b*)""?], (54)

and the — or + sign in (53) depends on whether m(A,) is positive or negative
respectively. Substituting (53) into (52), we obtain the one-soliton solution to the

modified kdv equation
2(ni—b?)

u(x, t)=b b+ n, cosh{(n?— b2V 427+ b%)t—2x]+ 8}

(55)

We would remark that when b =0, solution (55) is identical to that obtained via the
inverse scattering method under vanishing boundary condition (Wadati 1972).



1432

T C Au-Yeung, P C W Fung and C Au

Next, we will show that when N =2 the solution u(x, ) splits into two solitons of
similar form to (55) when |t|> . For N =2, the determinant A is

d ‘en<g1+;1>x N .e“‘l*‘z)" . .ei({ﬁ!l)x . .ei“f"z)"
(41 +40) (¢, +¢) i(&i+¢) i(¢,+¢2)
N e (G 1+d, IRERINE . eildatinx . eléati)x
i(52+¢y) i({2+¢2) ({2 +¢y) (42 +4o)
RN RIIRT AL PSR AT ettt
Mg Y i Yieen
AL oGt PSCAT AL _ eileres
Pinrn Pt Ciern %o
After rearranging the rows and columns of A, we obtain
o eMrex ei(G+ i _ ellhrox il e)x
Mg Y Yiern Midrn)
RIRINE | el el )x PSCATAL
i Y M Yo
_ ellhrex eila*ex | el RIERYAN
“igrn  Cirn %G n Y
RIS AE eitarex IRITRISE o el
“Cigrn Ciern i TRiGrn)
Without loss of generality, we assume
<"
In the case t - o0, consider first the region
2(27m3+ b*)t— x =constant.
Using (57) and (58), we obtain
2293+ bHt—x > —c0.
With (58) and (59), the asymptotic form of A is
1 0 0 0
0 1 0 0
A= _ eilhrox elitip
0 Mhigtn “ioen
eida*ix _ eilero
0 Teigrn PG

Substituting (60) into (52), we arrive at

u(x,t)="b

2(n3- b

+
b+ n, cosh{(n3—b*)V[4(2n2+ b?)t—2x]+ 63}

(56)

(56a)

(57)

(58)

(59)

(60)

(61)
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where

83 =In[nylm(A;)l/2(n3- b%)'7], (62)

and the — or + sign in (61) depends on whether m(A,) is positive or negative
respectively. Next, consider the region

2(2n%+ b*)t— x =constant. (63)
Using (57) and (63), we obtain
2275+ b*)t— x>+, (64)
With (63) and (64), the asymptotic form of A is
i€ e)x il e)x eiEtix RICRINE
1+4,- a- d,‘. a;:
11(51'*'{1) 11(§1+§1) i({1+¢) l1(4‘1"‘{2)
ity e)x RURINE ei6iti)x ei6+ix
—a, - 1+, ———— =—a;- a-
Ae i) HGHn) TG L) TG+
a _ eithrix eilhatipx PSCATAL eiltarinx | (65)
a, ————— a,———— a,- a,:
*i(L+ 40 i+ 0) W+l Ci(Gt )
eirex L elleros A I (AN
-y as: —a; az;
21((2'*'(1) 21(§2+§1) 21((2*‘(2) 21((2"‘{2)
Substituting (37), (38) and (46) into (65), we have
A={1x(2b/m) exp[(ni—b*)""*[4(2n7+ b*)1—2x]+ 87
+expl(ni—b2)"2)[8(2n}+b*)t—4x]+26}}
52 a
i(¢,+ (¢, +
><exp(4i{2x) i({2+ L) 1(52~ &) , (66)
—a a,
l({2+{2) I(§2+{2)
where
v mimA)| (n3—b)'2—(ni-b)'"?
T =) ) T (5 ©»
Substituting (66) into (52), we arrive at
2(ni-b?)
,)=b+ .
M b o= i+ -z sry Y
Combining (61) and (68), we arrive at
2 2(nz—bY
L) =b+
L A N IR, AR B EE PP Ry ray s v S
as t-» o0,
By a similar argument, we obtain when > —c0,
2 2(n%—b?
u(x,t)=>b+ Y (n ) (70)

n=1 bxm, cosh{(n2—b*)"[4(2n2+ b*)t—2x]+ 5}
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where

- milm(Ay)|
P S

and

. nalm(r;)| (n3=b)'"2=(ni-b)""?
23— T 3= b) P (1= b)Y

and the choice of —ve or +ve sign in (70) depends on whether m(A,) is positive or

negative respectively.

From equations (62), (67) and (71), we see that the total phase shift for soliton
one after collision is

8, =87-67

6, =1 +2in

(71)

(n3—=b)2=(ni=b%""
N i) T - ) 7y
and the total phase shift for soliton two after collision is
2 g \1/2 2 323172
oy (138D (91— b )

(3= )"+ (i =)

From (72) and (73), we see that soliton one shifts backwards after collision by an
amount |Ax,| where

1 (n3=b)"2 = (9}~
= 5 74
e " (= )R (- ) 7
and soliton 2 shifts forwards after collision by an amount Ax, where
_ 2_pHl2_(p2_pHl/2
Ax 1 (n3 ) (m ) (75)

T I N (3= b P (= b))

We would remark again that when b =0 the two-soliton solution is identical to that
obtained via the inverse scattering method under vanishing boundary condition (Wadati
1972). We see from (74) and (75) that the slower soliton shifts backwards while
the faster soliton shifts forwards after collision. Also, we see from (72) and (73) that
the total phase is conserved before and after the collision. This result is in general
similar to that of the case under vanishing boundary condition. However, the vacuum

parameter b modifies the velocity, amplitude, width and the total phase shift of the
solitons.

3. Conclusions

(i) Our group of research workers have recently made an effort to find solutions
for nonlinear equations with non-zero vacuum parameter b (Au and Fung 1982, Fung
and Au 1982), via the Bécklund transformation. Along this line of thought, we need
also to study the solutions of the same types of nonlinear equations using other methods,
such as the inverse scattering method under certain non-vanishing boundary conditions.



Modified kav solitons 1435

We have just obtained solutions to the Kdv equation under one such boundary condition
using the generalised inverse scattering method (Au-Yeung et al 1984). To follow
our sequence of research, we have presented new solutions to the modified xav
equation with non-zero vacuum parameter in this article. The results of these two

articles by the same authors indicate that we have to study solutions outside the square
integrable range.

(ii) Based on our solutions (55), the velocity of the Modified kdv one-soliton is
v=2027n%+b%, (76)

where 7 is a positive real parameter (relation (37)). The amplitude is

_{ |27 —2b| if m(in) is negative 77
|-27n—2b if m(in) is positive’
while the width of the soliton is
+b +p)2 1/2
(2 1b2)1,,2ln|:2nn +<(27) zb) —1) ] if m(in) is negative
n- n
= 78)
1 2n—b ((2n-b)? \'? e (
(T’Z_bZ)l/Zln 77 + 772 -1 if m(in) is positive.

(iii) The one-soliton kdv solution (55) with non-zero parameter b is
new. The velocity, amplitude and width are all generally dependent on b. The
propagation velocity of the soliton is positive definite, whatever the values of b are.
In other words, the velocity is uni-directional, being different from the property of
the Kdv one-soliton with non-zero b (Au and Fung 1982). We would like to remark
also that Fung and Au (1982) have obtained another set of solutions to the modified
KdV equation (see equation (14¢) taking A =0) and this solution is also uni-directional,
namely, the direction of the velocity is independent of b, although the magnitude
depends on b.

(iv) To further our research, we have established the general formalism for the
N-soliton solution with non-zero vacuum parameter. As a demonstration, we deduce
that the two-soliton solution splits apart into two solitons when || > c. The velocity,
the amplitude, the width, the phase shifts and displacements of the two-solitons are
all controlled by the vacuum parameter b. This parameter is thus a physically significant

quantity. If b takes zero value, our relevant two-soliton solution reduces to that
obtained by Wadati (1972).
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